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Block Designs S2n−8.2; 5; n/ and Triangulated Eulerian 4-manifolds
WOLFGANG KU¨HNEL AND GUNTER LASSMANN
Three-neighborly triangulations of eulerian 4-manifolds with n vertices can be interpreted as block
designs S2n−8.2; 5; n/. We discuss this correspondence and present a new cyclic example with 14 ver-
tices.
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It is well known that any 2-neighborly triangulation of a compact 2-manifold M with n
vertices can be regarded as a block design S2.2; 3; n/ or twofold triple system if one interprets
the triangles as abstract triples (or blocks). This is possible only if n.7 − n/ D 6.M/
or, equivalent,
(
n−3
2
 D 3.2 − .M//, the so-called regular cases in Heawood’s map color
problem [18, 20]. As usual,  denotes the Euler characteristic. In general, k-neighborliness
means that the number of .k − 1/-dimensional simplices is (nk where n is the number of
vertices. Vice versa, any twofold triple system S2.2; 3; n/ can be regarded as a triangular
(and 2-neighborly) decomposition of a pseudo-surface. A pseudo-surface is a surface except at
isolated points, see [1, 10, 21]. In the literature, these regular cases are also known as triangular
embeddings of the complete graph Kn into surfaces or pseudo-surfaces.
For compact triangulated 4-manifolds M with n vertices there are similar regular cases,
characterized by the equation
(
n−4
3
 D 10..M/ − 2/. This coincides with the case of 3-
neighborly triangulations, meaning that any triple of vertices determines a triangle of the
triangulation [12,13]. The 3-neighborliness implies that the link of every edge contains all the
remaining n−2 vertices. If it is a 2-sphere then the number of triangles is 2.n−4/, the number
of edges is 3.n−4/, in accordance with the Euler equation  D n−2−3.n−4/C2.n−4/ D 2.
The same holds for any 4-dimensional simplicial complex such that the link of each simplex has
the same Euler characteristic as one would expect in a 4-manifold. Such complexes are called
eulerian manifolds in [12]. In this paper we study the induced block designs S2n−8.2; 5; n/.
DEFINITION. A simplicial complex of homogeneous dimension d is called a combinatorial
d-manifold if the link of each i-simplex is a triangulated .d − i − 1/-dimensional sphere. It
is called a homology manifold if this link is a homology sphere, meaning that the homology
of the link coincides with the homology of the sphere Sd−i−1. It is called a eulerian manifold
if this link has the same Euler characteristic as a .d − i − 1/-dimensional sphere, which is
1− .−1/d−i . One can say that a eulerian manifold looks completely like a manifold from the
view-point of the (local and global) Euler characteristic, just as a homology manifold looks
like a manifold from the view-point of the (local and global) homology.
The f-vector . f−1; f0; f1; : : :/ of a simplicial complex consists of the numbers fi of i-
dimensional simplices where formally f−1 D 1. The Euler characteristic  is defined by the
Euler equation  D Pi0.−1/i fi .  is also known as a topological invariant, namely, the
alternating sum of the Betti numbers [7]. The collection of the Euler equations for all the
links (and for the complex itself) are known as the Dehn–Sommerville equations, see [8] for
the case of convex polytopes and [12] for the case of eulerian manifolds, compare also [19].
For the particular case of 4-manifolds these equations areX
i0
.−1/i fi D ; 2 f1 − 3 f2 C 4 f3 − 5 f4 D 0; 2 f3 − 5 f4 D 0:
The Dehn–Sommerville equations can be written in a more elegant form using the h-vector
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.h0; h1; : : :/. The defining relation between the f -vector and the h-vector of a .d − 1/-
dimensional simplicial complex is the following polynomial equation (see [11, 17]):
dX
iD0
hi xd−i D
dX
iD0
fi−1.x − 1/d−i :
In terms of the h-vector the Dehn–Sommerville equations for eulerian 4-manifolds read as
h5 − h0 D  − 2; h4 − h1 D 5.2− /; h3 − h2 D 10. − 2/:
The following proposition gives a lower bound for the number of vertices. It can be regarded
also as a version of an Upper Bound Theorem because the right-hand side equals the expression
h3.M/− h2.M/.
PROPOSITION. For any n-vertex triangulation of a compact eulerian 4-manifold M the in-
equality 
n − 4
3

 10..M/− 2/
holds with equality if and only if the triangulation is 3-neighborly.
The proof is given in [13, 4.9] for the case of combinatorial 4-manifolds. It carries over
directly to the case of eulerian 4-manifolds. Note that for n  8 any eulerian 4-manifold is
actually a manifold (and hence a 4-sphere) because the link of any triangle has, at most, 5
vertices. This link is therefore one connected cycle which implies that the link of each edge
is a 2-sphere. Hence the link of each vertex is a 3-manifold with at most 7 vertices which,
therefore, must be a 3-sphere. Note that a 3-neighborly simplicial complex is necessarily
simply connected.
DEFINITION ([4]). A block design S.t; k; n/ is a collection of k-tuples (called blocks) out
of n elements such that each of the
(
n
t

t-tuples occurs in exactly  blocks. The blocks do not
have to be distinct: repeated blocks are allowed. Classical cases are the Steiner triple systems
S1.2; 3; n/ and twofold triple systems S2.2; 3; n/, compare with the introduction above.
LEMMA.
(1) Any n-vertex triangulation of a 4-dimensional eulerian manifold M satisfying the equality(
n−4
3
 D 10..M/− 2/ induces a block design S2n−8.2; 5; n/ without repeated blocks.
(2) Vice versa, a given block design S2n−8.2; 5; n/ without repeated blocks induces a eulerian
4-manifold satisfying the equality (n−43  D 10..M/ − 2/ provided that each of the 4-
tuples occurs in exactly two of the blocks.
PROOF. For part (1) the proposition above implies the 3-neighborliness. In particular, the
link of each edge has n − 2 vertices. The number of triangles in the link of the edge is then
2.n − 4/, the same number as for a triangulated 2-sphere with n − 2 vertices. Consequently,
every pair of vertices occurs in exactly 2n − 8 quintuples or blocks. For part (2) let us
assume that a block design S2n−8.2; 5; n/ without repeated blocks is given. This induces a 3-
neighborly 4-dimensional simplicial complex. The link of each 3-dimensional simplex consists
of 2 isolated vertices (the pseudomanifold condition) if and only if the corresponding 4-tuple
is contained in exactly two blocks. If this condition is satisfied it implies that the links of 2-
simplices are unions of closed circuits. This in turn implies that the link of each 1-simplex is a
pseudo-surface with 2n−8 triangles and 3n−12 edges, hence it has Euler characteristic  D 2
as required. Then it follows that the link of each vertex has Euler characteristic 0. Therefore
the simplicial complex is a 3-neighborly eulerian 4-manifold. This proves the lemma. 2
Designs and eulerian manifolds 113
The necessary conditions for the existence of a S2n−8.2; 5; n/ are (see [4])
2.n − 4/.n − 1/  0.4/ and 2.n − 4/n.n − 1/  0.20/:
The first one is always satisfied, the second one just means that n.n − 1/.n − 4/ is divisible
by 5, i.e., n  0; 1; 4.5/. For a eulerian manifold the number b of blocks (D 5-tuples of
vertices) must be even, hence
n.n − 1/.n − 4/  0.20/
which is satisfied for n  0; 1; 4; 5; 6; 9; 10; 14; 16.20/, the necessary conditions for a 3-
neighborly triangulated 4-manifolds [15]. For us the first interesting cases are S4.2; 5; 6/,
S10.2; 5; 9/, S12.2; 5; 10/, S20.2; 5; 14/, S24.2; 5; 16/. The existence of block designs
S.2; 5; n/ is known for any admissible parameter  [4, ch. IX x8]. The case n D 14,  D 20
is mentioned as an ‘exceptional value’. The existence of an S20.2; 5; 14/ follows from the
existence of smaller block designs [4, ch. IX 8.16]. An example is given in [9, Table 11] with
repeated blocks which is 1-rotational. In this paper we present a new cyclic construction for
an S20.2; 5; 14/ without repeated blocks, arising from a triangulated eulerian manifold with
interesting topological and combinatorial properties.
The existence of 3-neighborly combinatorial 4-manifolds and n  13 vertices was studied
in [15]. Besides the trivial cases n D 5 (the dihedron which is not simplicial) and n D 6
(the boundary of a 5-simplex) there is exactly one combinatorial type, the unique 9-vertex
triangulation of the complex projective plane [2, 3, 14, 16]. This can be interpreted as a design
S10.2; 5; 9/. It has an additional complementarity property : for each block fv1; : : : ; v5g the
remaining 4-tuple fv6; : : : ; v9g is not contained in any block, and vice versa. So there is a sort
of duality between 5-tuples and missing 4-tuples, as dictated by the topology of the complex
projective plane [14]. The complementary design is an S25.2; 5; 9/. It induces an S6.2; 4; 9/
and a complementary S15.2; 4; 9/. These do not seem to be among the well known examples
of designs with those parameters.
The next cases are n D 14 and n D 16. For n D 16 a solution was recently found in [6]. It is
a combinatorial 4-manifold with  D 24, in fact a triangulated K3 surface with a combinatorial
automorphism group isomorphic to the affine group over the Galois field with 16 elements.
For n D 14 the equation (n−43  D 10. − 2/ implies  D 14. This raises the question whether
there is a cyclic solution, invariant under the action of Z14. The result is the following:
THEOREM.
(1) There is no combinatorial 4-manifold with 14 vertices and (143  triangles admitting a
vertex transitive action of Z14.
(2) However, there is a unique triangulated eulerian 4-manifold X with the other properties
in (1).
(3) This implies the existence of a cyclic design S20.2; 5; 14/ without repeated blocks and
with the extra condition that 4-tuples occur in exactly two blocks if they occur at all.
Since this triangulation satisfies equality in the Upper Bound Theorem for manifolds, it is an
interesting example also from the point of view of algebraic combinatorics [11, 17, 19]. The
link of each vertex in X is a neighborly eulerian 3-sphere which is not homeomorphic to the
3-sphere itself and not a homology sphere either. Therefore this link is not a Cohen–Macaulay
complex, and X is not a Buchsbaum complex.
COROLLARY. The vertex link X0 of X is a 2-neighborly eulerian 3-sphere which is not a
homology sphere. Consequently, X is not a homology manifold.
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FIGURE 1. The link of the edge 07.
PROOF (OF THE THEOREM). From the Dehn–Sommerville equations we calculate the num-
bers fi of i-simplices of X as follows:
f0 D n D 14; f1 D

14
2

D 19; f2 D

14
3

D 364; f3 D 455; f4 D 182:
The proof consists of an exhaustive computer enumeration of all simplicial 4-complexes
(D collections of 5-tuples) with 14 vertices and with the following properties:
(1) It is invariant under the vertex transitive action of Z14.
(2) Any 4-tuple occurs either in exactly two 5-tuples or not at all.
(3) Each of the (143  triples occurs.
(4) Each of the (142  pairs is contained in exactly 20 of the 5-tuples.
It turned out that—up to relabeling—there is exactly one such possibility. The list of
generators of the thirteen Z14-orbits of X is the following where the vertices are labeled
by the elements of Z14.
0 1 2 3 4 0 1 3 4 10 0 1 5 7 9
0 1 2 6 9 0 1 3 6 9 0 1 5 7 11
0 1 2 6 1 0 0 1 3 6 10 0 1 5 8 11
0 1 2 4 1 0
0 1 2 9 12 0 1 7 9 1 2 0 2 4 9 11
Under the action of Z14 there are only 7 types of edges: 01, 02, 03, 04, 05, 06, 07. The links
of 01, 02, 05, 07 are triangulated 2-spheres, see Figure 1. The links of 03, 04,06 are unions of
two 2-spheres after identification of the two north poles and the two south poles, see Figure 2.
Therefore, the locus of singularities of X (i.e. the set of points where X fails to be a
manifold) is triangulated as the following 2-dimensional subcomplex, a Klein bottle generated
by the triangles 0 3 6 and 0 4 8 under the action of Z14. It is a quotient of the regular tessellation
f3; 6g of the euclidean plane, see Figure 3.
If we split the 14 vertices into the even and odd ones, then the span of the even ones in X
is generated by 0 4 6 8 and 0 4 8 10, similarly the span of the odd ones is generated by 1 5 7 9
and 1 5 9 11. These spans are invariant under the action of Z7, and they are combinatorially
isomorphic to one another. The span of the Z7-orbits of 0 4 6 8 and 0 4 8 10 collapses onto the
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FIGURE 2. The link of the edge 04.
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FIGURE 3. The singular Klein bottle.
one generated by 0 2 4, 0 4 6, 0 4 8. This is a noncollapsible 2-complex with trivial fundamental
group and Euler characteristic  D 7− (72C 21 D 7, hence it carries a 6-dimensional second
homology, just half of the 12-dimensional homology H2.X/. 2
PROOF (OF THE COROLLARY). Let X0 be the link of the vertex 0 in X . It consists of 65
tetrahedra. The singular locus is the hexagonal circuit .3 6−4 4−6−3/, just the link of 0 in
the singular Klein bottle. If we define A to be the span of f3;−3; 4;−4; 6;−6g in X0 and
B the span of the remaining vertices f1;−1; 2;−2; 5;−5; 7g, then it turns out that A and B
collapse onto simplicial 2-spheres, so they are homotopy equivalent to the 2-sphere. Moreover,
the intermediate level Y between them is the union of two disjoint 2-spheres. Thus we can
apply the Mayer–Vie¨toris sequence to X0 D A [ B. Because of H1.A \ B/ D H1.Y / D 0 this
splits into two subsequences. It easily follows that H1.X0/ is not zero. Hence X0 is not a
homology sphere. 2
QUESTION. Is the necessary condition n.n − 1/.n − 4/  0.20/ also sufficient for the exis-
tence of an n-vertex triangulation of a eulerian 4-manifold M satisfying
(
n−4
3
 D
10..M/− 2/?
Since the necessary conditions are known to be sufficient for the existence of an S2n−8.2; 5; n/,
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by the lemma above the remaining question is whether repeated blocks can be avoided (that
should be possible) and whether one can always guarantee the extra condition that 4-tuples
occur in exactly two blocks if they occur at all.
The case of higher dimensions. For arbitrary n-vertex triangulations of 2k-manifolds (or eule-
rian 2k-manifolds) a certain version of the Upper Bound Conjecture states
n − k − 2
k C 1

 .−1/k

2k C 1
k C 1

..M/− 2/
with equality if and only if the triangulation is .k C 1/-neighborly, see [13]. In the recent
paper [17] this conjecture (called Ku¨hnel’s conjecture there) has been proved for homology
manifolds and for all n except for those in the interval 3k C 3 < n < 4k C 3.
LEMMA. Whenever equality holds in the Upper Bound Conjecture above, then we obtain
a block design S.2; 2k C 1; n/, just by regarding the 2k-simplices as .2k C 1/-tuples. The
parameter  D 2(n−k−2k−1  is the number of top-dimensional simplices in a .k − 1/-neighborly
triangulation of the .2k − 2/-sphere with n − 2 vertices (see [8, 4.7]).
So far only a few examples of triangulated 2k-manifolds are known which satisfy these strong
requirements. See [5] for 5-neighborly triangulations of an 8-manifold with  D 3 and with
15 vertices. This leads to a new design S168.2; 9; 15/ without repeated blocks, invariant under
the vertex transitive action of the icosahedral group A5. The number of blocks is b D 490, and
the same complementarity condition is satisfied as above for the S10.2; 5; 9/. This structure
induces also designs S588.2; 8; 15/, S846.2; 7; 15/, S645.2; 6; 15/. An interesting problem is the
existence of an exceptional 16-manifold ‘like the Cayley plane’, a 9-neighborly triangulation
with 27 vertices and  D 3 which would have 100 386 top-dimensional simplices [13, 4C].
In the case of existence it would induce a block design S38 896.2; 17; 27/ with b D 100 386, a
block design S12 870.2; 10; 27/ and other designs with quite ‘exotic’ parameters.
QUESTION. Is there a eulerian 8-manifold with 15 vertices which corresponds to an
S168.2; 9; 15/ (and which is not a manifold), or is there a eulerian 16-manifold with 27 vertices
which corresponds to an S38 896.2; 17; 27/ (and which is not a manifold)?
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